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Constant Tangential Low-Thrust Trajectories
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The problem of changing spacecraft energy in minimum time near an oblate planet by means of tangential
low thrust is considered. The mass flow rate and the exhaust velocity are assumed constant. Simple approximate
formulas allowing calculation of the spacecraft three-dimensional spiral trajectory are obtained. Simple first-
approximation formulas and more accurate second-approximation formulas are given. All of the formulas are
valid both for ascent and descent of the spacecraft orbit. The accuracy of the formulas is estimated; it is shown
that they provide high accuracy when the thrust acceleration is much smaller than the gravitational acceleration.

Nomenclature U = gravitational potential of the oblate planet
a = semimajor axis u = argument of latitude
¢ = exhaustvelocity v = speed, |y
E = energy constant v = velocity vector
g = gravitationalaccelerationat distance r from the planet o = magnitude of the thrust acceleration
h = |h| o = nondimensional thrust acceleration
h = angularmomentum, {h,, hy, h_} B = mass flow rate, i, >0
i = inclinationof the orbit n = + fo_r ascent, — for descent; £v/c
J, = coefficient of the second zonal harmonic n = gravity constant
m = spacecraftcurrent mass ® = full transferangle for time ¢
m, = consumed propellant mass ¢ = phaseangle (0 <¢ <2r), mod,, P
N = number of the spacecraft sidereal orbits € = longitude of the ascending node
at time ¢ (fractional)
Ng = number of the nodal orbits at time # (fractional) Subscri
. u SCrl[)tS
n = mean motion
P = orbital period par = values of parametersin the parabolic orbit
R, = nmean equatorial radius of the planet 2 = values of parametersin the ascending node
r = |r| 0 = values of parameters at t =0 or zero-order integrals L, I,
r = position vector, {x, y, z} * = parameters in initial or final orbit for transfer
t = flight time with initial value, 0 to or from infinity, respectively
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Superscripts

= derivative with respect to time
parameters averaged over one orbit
second-approximationparameter value

Introduction

HE main difficulty in the calculation of a low-thrust transfer

near a planet is the large number of revolutions around the
planet the spacecraft performs in a spiral trajectory, unlike an inter-
planetary transfer. This is caused by the low magnitude of the thrust
with respect to the planet’s gravitational force. The spiral low-thrust
transfer near a planet has been studied by a number of authors' =28
(only a representative sample). The problem in different formula-
tions was solved for various models and approaches in Refs. 1-28,
for the power-limited propulsion and the constant exhaust velocity
cases, for an optimal thrustdirectionand the tangentialdirection, for
different transfer types (circular, elliptical, and transfer outside the
sphere of influence, etc.). The papers considered an inverse-square
gravity field, except for Refs. 22,23, and 25, where an oblate planet
was considered. Most of the solutions are rather complicated due to
the difficulty of the problem.

However, in some cases simplifying assumptions can be made,
and a simple approximate solution convenient for a quick qualita-
tive analysis can be obtained. Initially, this was done in Refs. 1, 3,
and 10 for the orbital energy change by tangential thrust and for a
circular initial orbit. Very simple expressions for the orbital param-
eters derived in these papers provide an accuracy sufficient for the
early phase of low-thrust mission analysis. However, simple solu-
tions were obtained in these references and other publications for
an inverse-squarefield only. At the same time, secular perturbations
of the transfer trajectory caused by the planet’s oblateness must be
taken into accounteven at the early phase of the mission design. The
oblateness was taken into considerationin Refs. 22, 23, and 25, but
only for power-limited propulsion and only for a transfer between
neighboring orbits.

The present paper offers simple formulas for approximate calcu-
lation of the spacecraft spiral trajectories around an oblate planet
for the orbital energy change. The following assumptions are made:

1) No other external forces except the gravity field of the oblate
planet act on the spacecraft.

2) The thrust is tangential and constant; this assumption is not
quite correct in the case where solar electric power is used near
a planet with a significantly eccentric orbit (such as Mercury or
Mars). However, we neglect variations of the electric power due to
the eccentricity.

3) Exhaust velocity is constant.

4) Thrust without coast arcs is considered, that is, minimum-time
transfer is assumed.

The second and third assumptions give 8 = const and ¢ = const,
and hence,

a = —mc/m = Bc/(my — Bt), Av = cla[my/(mgy — ﬂt)](
1

Two sets of the formulas are obtained under these assumptions:a
simple first approximation, which is similar to the solutions givenin
Refs. 1, 3, and 10, and a more complicated second approximation,
which more accurately takes into account the oblateness.

First Approximation
Analysis
The first approximation for all parameters except the longitude
of the ascending node will be obtained neglecting the oblateness,
that is, for the inverse-square law. Using the expression for en-
ergy v2 =24/r — j1/a, we obtain the change of the semimajor axis
caused by the tangential thrust acceleration

+2va = (u/a*)a (2)

where + corresponds to ascent and — to descent. An equation for
the eccentricity must be added to Eq. (2) to form a closed equation
system. The solutionof this system gives the spiral transferincluding
the periodical perturbations, but the solution is rather complicated.

However, it can be significantly simplified by takingintoaccountthe
following. Because the thrust is low, the osculating orbit is nearly
circular. Therefore, let us assume that it remains circular during the
transfer, that is,

r=a 3)

v=+/u/r 4)

Under these assumptions, Eq. (2) is closed. Let us define the nondi-
mensional variable

n==%(@/c) ®)

where + corresponds to ascent and — to descent. Integration of
Eq. (2) using Egs. (1) and (3-5) gives

r=rofl+ (1/n0)ba[1 — (Bt /mo)]} (6)

This equation for ascent was obtained first by Tsien,' then
Melbourné’® deriveditin a way similar to the one used here. Transfer
time between two circular orbits of givenradiir, and r can be easily
found from Eq. (6):

1= (mo/B)[1 — exp(n — no)] (M

Comparison of Egs. (1) and (7) gives an interesting expression for
the characteristic velocity:

Av = |v — vyl (®)

Note that because vy > v for ascent and v, < v for descent and due
to Eq. (8)

n—1no=—lv—ul/c=—(Av/c) )

Now consider transfer and phase angles and the number of sidereal
orbits. The difference between the nodal and sidereal periods is
caused by the permanent shift (precession) of the ascending node
due to the oblateness and is rather significant. For instance, it is
about 3 s for a satellite in low Earth orbit with an inclination of
51.6 deg. The transfer angle for the circular osculating orbit is

t
® =27N = /ndt (10)
0
where
n=Jp/r’ (11)
Then from Egs. (10) and (11) we have
t
dr
d=u | —< (12)
(O

The integralin Eq. (12) is calculatedin Appendix A [see Eq. (A9)].
Finally, the full transfer angle is

® = (*/up)ILs| (13)

where the integral L, is defined and calculated in Appendix A.
Because of Eq. (10), the number of sidereal orbits is

N = (* /2 up)| Ls| (14)
The phase angle is
¢ = mod,, ® =27 (N — intN) (15)

For the first time an expression for the full transfer angle was
obtained in Ref. 10, although only for ascent and in a form less
convenient for calculations than in the present paper.

The precession rate of the ascending node for the circular orbit
can be written as

Q= —2/n(R,/r)*cosi (16)
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For the calculation of the number of orbits, we can obtain from
Eq. (16)

Q= Qo — 25(R%" [ u*B) cosi|Ly| (17)

To find the number of the nodal orbits, note that the change of the
osculatingnode-to-nodetransferangle forinfinitesimal time interval
dr is dQ2 cosi = Q2 cosi dt. Thus,

No =N+ (Q —Qp)cosi/2n (18)
The argument of latitude can be derived from Egs. (15) and (18):
u=1uy+¢—(Q—Q)cosi (19)

Now the components of the spacecraft position and velocity in the
Cartesian coordinate system can be calculated as follows:

x =r(coscosu — sin 2 sinu cosi)

y =r(sin2cosu + cos Qsinu cosi), z=rsinusini

v, = v(—cosQsinu — sin 2 cosu cosi)

v, = v(—sin 2 sinu + cos Q2 cosu cosi), v, =vcosusini

(20)

Accuracy of the Formulas

Consider a spacecraft ascent near Earth with initial val-
ues ro=6771 km, c=15 km/s, ag=5x%x 107> g, where g, =
9.8066 m/s” is the Earth gravitational acceleration at sea level; the
final radius is selected as 10% km. The fourth-order Runge-Kutta
propagator with variable step equivalent to 1-deg arc of the spiral
was used for the accurate calculations here and to follow.

Let us consider the inverse-square-lawcentral force field neglect-
ing the oblateness effects. Figures 1 and 2 show maximum absolute
errors in 7 and ¢ over one revolution vs time [the errors are the dif-
ferences between the parameters calculated using Egs. (6) and (15)
and those obtained from numerical integration]. The errors include
mean error and maximum amplitude of the periodic perturbations.
The accurate value of r also is given in Fig. 1. As is seen in Fig. 1,
the absolute value of the maximum radius calculationerroris within
1 km up to 40 days in the transfer and within 5 km near geosyn-
chronous orbit (r 42,000 km). Figure 2 also shows the accuracy
of the phase angle (within 1 deg) for 100 days of flight, that is, up
to 60,000 km. The number of orbits is calculated accurately for all
transfer distances (maximum error is reached for r = 10° km and
equal to 0.2 of a revolution). These examples demonstrate that the
simple first-approximations are applicable for the inverse-square
gravity field and that the periodical perturbationscan be ignored for
approximate calculations.
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Fig. 3 Nondimensional thrust acceleration.

However, as Figs. 1 and 2 show, after some time the accuracy of
the orbitradius and phase angle calculationbecomes unsatisfactory.
Let us introduce the nondimensionalacceleration

&=a/g=ar2/p, 21

Figure 3 shows & vs time for the considered example. Comparing
Figs. 1 and 2 with Fig. 3, we can see that the calculation accuracy
is high fora < 1.

Now let us take into account the Earth oblateness. It is more
convenientto consider the argument of latitude instead of the phase
angle in this case. Figures 4-6 represent the maximal (within one
revolution) absolute values of the calculationerrors for the distance,
the argument of latitude, and the longitude of the ascending node
for four values of the orbit inclination. The sharp local minima of
the curves in Figs. 4 and 5 correspond to the mean error crossing
zero. As is seen in Figs. 4 and 5, the errors of the distance and
argument of latitude calculations are much bigger in the case of an
oblate planet than in the case of an inverse-squaregravity field. The
first-approximation formulas are not acceptable for calculation of
the spacecraft positions near an oblate planet due to the large error
in the argument of latitude. Nevertheless, they can be used for some
approximate preliminary analysis of the spacecraft motion.

Second Approximation
Analysis
Here the oblateness will be taken into account for all orbital pa-
rameters. To derive the formulas of the second approximation,con-
sider the energy relationship for the motion near an oblate planet:

22=U+E (22)
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planet: first approximation.

where
U= (u/n[1+ /2R /r)*( = 3sin’ i sin’ u)] (23)

isthe gravitationalpotential. Changein the energy constant £ caused
by the tangential thrust is

tva =E (24)

where + and — correspondto ascentand descent, respectively. Now
let us considerthe circular orbit, that is, assume r = const (of course
an exact circular orbit inclined to the equator is impossible near an

oblate planet, but we neglect periodic perturbations). Let us define
the parameter

_ 2 3in2i
B = J,R(1— 3sin’i) (25)
The circularity assumption allows the averaging to be performed in

terms of either the time or the angle. The potential (23) averaged
over one revolutionis

U= (u/n[1+1B/r] (26)

Average gravitational accelerationis given by

n 3B
=1 —_——
r2< +2r2>

On the other hand, the centripetal acceleration is g§ = v?/r; thus,
ignoring terms of order of O(J,), we have for the circular orbit

o =+yu/r[1+2(B/r)] @7)
Now we can find E from Egs. (22), (26), and (27):
E = —(u/2r)(1 — B/2r?) (28)

Substituting Eqs. (27) and (28) into Eq. (24), using Eq. (1), and
ignoring O(J,), we have

*oie/m) = —(Vi/2rF)[1 = 2/)F @9

where + and — correspond to ascent and descent, respectively. In-
tegrating Eq. (29), we obtain

et/ = VT = V) = $ BV = )
(30)

Let us represent the second approximation for the radius in Eq. (30)
as

F=r+Ar (31)

where r is given by Eq. (6), and resolving Eq. (30) with respect to
Ar and ignoring O(Ar?), after simple transformations we obtain

F=r{14 B/ —1]) (32)

The second approximation for the mean motion can be found from
Eqgs. (27) and (32):

_ fn(y 3B _ [r), 3B _21B
B 4r2) N3 4r2 2012

(O e = EOR

(33)

=>
I
| <

Now we can find the full transfer angle,
t
o= / ndt (34)
0
Using Egs. (A9) and (4), we obtain from Egs. (33) and (34)
® = (/up)[clLs| — Z(B/u?)(9v3]Ls| — 1463 L)) (35)
When Egs. (14) and (15) are gsed, the second approximations for
the sidereal number of orbits N and phase angle ¢ can be found.
The first-order value of 2 for the motion without any thrust [as-

suming that Eq. (16) gives the zero-order value] was obtained, for
example, by Brouwer.® However, the value for a circular orbit is
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expressed in Ref. 28 via an osculating semimajor axis, which dif-
fers from the orbit radius r. The value of 2 as a function of r is
obtained here in Appendix B, see Egs. (B3) and (B6). We will con-
sider Eq. (B6) given for the orbital parameters values at the ascend-
ing node. Substituting Eq. (32) into Eq. (B3) or (B6) and ignoring
terms of (9(123), we obtain for the low-thrust transfer

5 3 R2 3 (R
Q:——JZL 1—=h{ =) (1 —>bsin’i)|cosi
2 77 2 r

. 2.
I 1—512 —_ 1 — bsin l)—%ﬁ

3 JiR? 3 <R€>2( 63 B

X

s
3 2

21(1——sin2i><i> — (11 = bsin®i)| f cosi  (36)
2 7o

where r is the first-approximation (6), b = % ifi=iandb= % if
i =ig, wherei and i are the mean and nodal values of the inclina-
tion. Integrating Eq. (36) using Eq. (A9), we have

N 3 J,R2c® cosi 3 B 5 s
Q= Q- 22— te|Ly| — =—[210]|Lg| — 5¢*| Ly, ]
2 wB 20 p
(37)
where
8 . .
7+—2 lf 1 =1
2 —3sin" i

R 17— it i=i
—_— 1 I =1
9 2 — 3sin’i ¢

The longitude of the ascending node also can be expressed via the
average values of the orbital parameters using Eq. (B3).

Now the numberof nodal orbits N, and argumentof latitude # can
be found from Egs. (18) and (19) in which the second-approximatian
values of N, 2, and ¢ are substituted.

Accuracy of the Formulas

The values of the propulsion and transfer parameters used here
are the same as in the preceding section. Figures 7-9 give the maxi-
mal (within one revolution) absolute values of the calculationerrors
inr, u, and Q given by Egs. (32), (19), and (37). The sharp local
minimum of a curve in Fig. 8 correspondsto the bias crossing zero.
Comparison of Figs. 7-9 with Figs. 4-6 shows that the second ap-
proximation significantly lowers the calculation errors relative to
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Fig. 7 Maximum errors of radius near an oblate planet: second
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Fig. 10 Maximum errors in position near an oblate planet: second
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the first approximation. Figure 10 represents the maximum calcu-
lation errors of the spacecraft position given by Eq. (20) together
with the orbit radius. As is seen in Fig. 10, the error is within 1% of
the radius up to the geosyncronous orbit.

Note that Figs. 7-10 (as well as Figs. 1, 2, and 4-6) give max-
imum errors that are the sum of the mean error and the maximum
amplitude of the periodical components. Thus, the mean errors are
smaller.
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Thus, the second approximation gives a much higher accuracy
of the spacecraft position than the first approximation. However,
note the following: Equation (A8) contains the difference between
two close numbers, and accuracy of the calculation of the integral
L, of high order using this equation becomes inadequate for high
exhaust velocity. For example, the accuracy of L, is unsatisfactory
if ¢ > 25 km/s. In this case, it is better to use the simpler formula
(17) instead of Eq. (37). As is seen in Fig. 6, formula (17) provides
a good accuracy for the longitude of the ascending node calculation
(fori > 10 deg, the error does not exceed 0.4 deg). Another possible
way to avoid the accuracyloss is by expandingm in powers of n — 1,
in the calculationof L,.

Also note that the term J7 in the second approximationsis of the
same order as J4. The term J, also can be easily taken into account
using the equations for secular perturbations 2

Transfer Outside the Sphere of Influence
Values of the parameters at infinity and the time to reach parabolic
velocity will be determined. Because of the approximate nature of
the parameters at infinity and the use of an approximate way to
determine the time to reach parabolic velocity, there is no need for
the accurate second approximations, and only first-approximation
formulas will be used.

Values of the Parameters at Infinity

Let us consider the spacecraft transfer to infinity from a circular
orbit of radius ry or its insertion into an orbit of radius r from
infinity and designate r, =r, for ascent to infinity and r, =r for
descent from infinity. The subscript = will designate parameters in
the orbit of radius r,, that is, initial parameters for ascent and final
ones for descent. Because at infinity the circular velocity is equal
to zero, from Eq. (6) we obtain the time of the transfer to or from
infinity:

Too = (mo/B)[1 — exp(—v./c)] (38)

For ascent, m,=m,, and for descent, m,=my— Bty =
mgy exp(—v,/c); thus, using Eq. (5) we can write Eq. (38) in an-
other form:

loo = (m,./B)|1 — exp(—n.)I (39)

Let P, =27 /(r}/1) be the period of the initial or final circular
orbit for ascent and descent, respectively. Assume that v, < ¢; then
exp(—v,/c)~ 1 — v, /c and Eq. (39) takes the form

t, ~ P, 2na, (40)
where & is given by Eq. (21). The characteristic velocity (8) is
AV = , 41)
At infinity, n =0, and Eqs. (13) and (A6-A8) give
O = (m.c’ [ 1B)|60mac /m.) + 0l =307 + 60, — 6| (42)

where m o, is the spacecraftmass at infinity, that is, the final mass for
ascent and the initial one for descent. Note that usually ¢ > 10 km/s
and, thus, for all inner planets and the moon, |1, | < 1 for any values
of r,. Using Eq. (39), we have

moo/m* =(m,x ﬂtoo)/m* = CXP(—U*) ~1-n,
+(n2/2) = (nl/6) + (ni/24) 43)

where + is for descent and — for ascent. Substituting Eq. (43) in
Eq. (42) and using Egs. (1), (5), and (21), we obtain

®,, = 1/4a, (44)
Because of Eq. (10), the number of the sidereal orbits is
Noo = 1/876, (45)

Expression(45) coincideswith the empirical formula N, = 0.04 /&g
given by Beletsky and Egorov® for ascent.

Similarly, using Eqs. (17) and (A6-A8), we have:

3 R*'m, . mea, , . S
Qoo = Qp — === cosi| 5040 +nl —Tnd +42n]
27 wB .
—210n? + 84003 — 252002 + 50401, — 5040) (46)
Moo n;oom o me o m
= —1Ny) R 1— « = _ = = =k
m, P S T e T T T
6 7 8
/A UN @
720 5040 40320
and from Eqgs. (46) and (47) using Egs. (1), (5), and (21)
2
3J,cosi [ R,
Qo = Q) - (= 48)
16a, Ty

Time to Reach Parabolic Velocity or to Descend from an Incoming
Parabolic Trajectory

The time to reach parabolic velocity is quite important for the
transfer design because it gives the propellant consumption neces-
sary for escaping the planet’s sphere of influence with zero excess
velocity more accurately than the preceding formulas for escape to
infinity. This time was analyzed in Refs. 2, 4, 6, and 18. The ap-
proach used in this paper does not permit obtaining the time directly
because the osculating orbit is assumed circular during the entire
transfer. However, some assessments made earlier allow deriving
an empirical formula for calculation of the time to reach parabolic
velocity (or time to descend from an incoming parabolic trajectory
to a circular orbit). Namely, we can expect that the parabolic ve-
locity is reached when & ~ 1. Accurate calculations, that is, using
the propagatordescribedearlier, show thatfor 107> < a < 1072 and
10km/s < ¢ <50km/s the value of & at which the parabolic velocity
is reached lies within the range 0.77 < &, < 0.8. However, taking
into account that @ changes quickly when & ~ 1 (Fig. 3) and the
approximate nature of the calculations, we will take for simplicity

Opyr = 1 (49)
Then due to Eq. (21)
e = 11 12,y (50)
On the other hand, we can find
opar = (Be/mpy) = (Be/m.) exp[—(v. —vpar) /el (5D

[Notethatin Eq. (51) and subsequentlyv,,, is nota parabolicvelocity
but the circular one at #,,]. Equation (50) gives rpur = v/ (1/tpar),
and using Eq. (51) we have

= () e
par *

Assume that v, — vVper K 4¢ and
Ve — Upar
- =1 53
eXP( T ) (53)
Also note that

upe/m, = (u/r)*(Be/m)(r2 [u) = via, (54)
then from Eq. (52), using Eqs. (53) and (54), we have

Vpar & V.V &, (55)

Substituting Eq. (55) in Eq. (7), we obtain an expression for the time
toreach parabolic velocity or to descend from an incoming parabola
to a circular orbit:

tPa,— ~ m*/ﬂ{l — CXP[_(U*/C‘)(l - i/5{_”‘)]} (56)
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Fig. 11 Errors in time to reach parabolic velocity.
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Fig. 12 Errors in time to reach parabolic velocity using correcting
factor 0.86.

Figure 11 shows errors of calculations by Eq. (56), that is,
differences between the approximate and accurate values, for
107 <a, <1072g, and 10 < c¢ <50 km/s. As is seen in Fig. 11,
the errors do not exceed 7%.

An empirical correction

e~ g1 — exol - w0 (1 ~086YE)]} 7

reduces the errors down to 1.3% as is shown in Fig. 12 (the factor
0.86 was selected to minimize the errors for the thrust and exhaust
velocity ranges used). Formulas (56) and especially (57) are more
accurate than the corresponding ones given in Refs. 2, 4, 6, and 18,
which produce errors up to 10-40%.

From Egs. (6) and (8), using Eq. (57), we can find the distance to
reach parabolic velocity and necessary characteristic velocity:

Fou = 1.35(r, /&) (58)
Avyy = v,(1 - 0.863/a,) (59)
If v* < c, then Eq. (57) can be simplified,
tour ~ P /27&, (1 - 0.86v/ &) (60)
Comparison of Eq. (40) with Eq. (60) shows that, for example, for

@, ~1074, the time to reach parabolic velocity differs from the time
of escape to infinity by about 10%.

Additional Remarks

Note that because the osculating orbit remains very close to a
circular one the proposed formulas for calculation of low-thrust
transfers are valid also for circumferencial thrust. However, they
can be used also in cases when the low thrust is not tangential but
onaverageisidenticalto the tangentialcase. Forinstance,in Ref. 29,
an ascent from low circular orbit of a spin-stabilizedspacecraft was
considered. There are two 120-deg thrust arcs and two 60-deg coast
arcs in every orbit. The thrust direction is constant in each of the
thrust arcs and coincides with the velocity direction in the middle
of the arc. The average ratio of the tangential thrust component to

the thrust value is
3 /3
E cosgpdy = 0.827
T

- /3

The radial components on average eliminate each other. When the
coastarcs are takenin account, the thrustis approximatelyequivalent
to constant tangential thrust with mass flow rate

B =0.558

where S is real mass flow rate.

The proposed formulas do not take into consideration the space-
craft shadowing by the planet, which interrupts the thrust if it uses
solar power. However, the shadowing time can be calculated using
the formulasand the interruptioncan be takeninto accountafterward
such as has been done in Ref. 29.

Conclusions

The proposed formulas allow calculation of the spacecraft three-
dimensional low-thrust trajectory near an oblate planet both for as-
cent and descent. The second approximation provides a level of
accuracy that is quite satisfactory for the early phase of the mission
analysis if the nondimensional thrust acceleration is much smaller
than one. However, even for the case where the nondimensional
thrust acceleration is close to one, the number of orbits and the
longitude of the ascending node are calculated accurately; the es-
cape time (or time of insertion into a circular orbit from outside the
planet’s sphere of influence) also can be calculated quite accurately
(with an error within 1.3% for a wide range of the thrust and ex-
haust velocity values), giving an accurate estimate of the propellant
consumption. Even the first approximation can be used for rough
preliminary assessments; this is especially true for the first approx-
imation, which gives quite accurate values of the longitude of the
ascending node.

Appendix A: Calculation of Integral [, (dt/r*"?)

Let us designate
x = (m/mg) =1 — (Bt/mq) (AD)
From Eqs. (7) and (A1) we have
box =1 —no (A2)
Let us consider the integrals
t
L= mU/ (o + ax)* dx k=0,1,2,...) (A3)
0
Let us first calculate the indefinite integrals
Ly = my /(no + bax)* dx

This integral can be easily calculated by parts,

Ly =mox(no + bax)* —my / xd@mo + fox)*

=m(no +n — no) — kmy /(no + bax)* ' dx
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Thus,
lo=myx =m (A4)
I, = my* — ki, (A5)

From Eq. (A5) obtain /; in another form,

L =mln' —kn* "'+ k(k = D' 72 = — (=D'k!p
+ (=D (46)
[the arbitrary constants are ignored in Eqs. (A4-A6)]. Then
Lo =1y(t) — ly(ty) =m —my (A7)
Ly = L(t) — L(t)) = mn* —monl — kL, _, (A8)

Using Egs. (6) and (A1), we have
t X
dt mg / P kL,
—_— = Mo + tax)" dx = F———x—
/o A ré (/o) B
where — and + correspondto ascentand descent, respectively. When

Eqgs. (A1) and (A2) are taken into account, it can be shown that for
odd k,

L, <0 if
L, >0 if

0 < n < no (ascent)

n < no < 0 (descent)
and for even k,

L, <0
Thus, using Eq. (5), we finally obtain

Tdt MLy
rk/2 Mk/Zﬂ

(A9)

Appendix B: First-Order Value of Q for a Circular Orbit

Let us consider free circular motion, that is, without any thrust,
near the oblate planet. As can be derived from the results of
Brouwer,?® the first-order value of 2 for the circular orbit is

Q= -5/ /@ (R, /@) [1 + (L /4)(R, /@)
><(15—19sin217)] cosi (B1)

Using Eq. (27), we can express the osculating semimajor axis in
terms of the average orbit radius:

i——t (1422 (B2)
oo UM R

Substituting Eq. (B2) into Eq. (B1), we have

2 2
. 3 l,L R(, Jz R(, < 2T
QZ_EJZ /5(7) 1+T(7) (15— 19sin° i)
21 B - 3 w (R 3 (R
X 1——_— COSl=——Jz -\ — 1——12 -
4 72 2 P\ r 2 r

25 - -
x [1—=sin’i cosi (B3)
12

It is also convenient to obtain € via the parameters of the circular
motion at the ascendingnode. The circular velocity v, can be found
for given values rq and ig from Egs. (22), (23), and (28) where
u=0:

vo = Vu/re[1 + 2L (R./ro)*(1 - Lsin?ig)]  (B4)

It can be shown that the values rq and vq are equal to the average
values 7 and v, respectively, that is, to the values averaged over one
orbit. However, ig is not equal to the average value i thatis used in

Eq. (B1). It can be concluded from the short-period perturbation of
the inclination® that

i =ig— 2J5(R./ra)? sinig cosig
COS[TZCOSiQ[l +%Jz(Re/rQ)2 sin’ iQ] (B5)

Note that the short-period perturbation of the inclination was first
obtained by Brouwer, although the expressionin Ref. 28 contained
theincorrectfactor % instead of % . SubstitutingEq. (B5) into Eq. (B3)
and neglecting terms of O(J;})), we have

3 (RN, 3. (RN, 25 .,
Q=—=h [=5|— 1—=Jh|— 1 ——sinig
2 ry \ e 2 ro 12
3 (R ... 3 [ (RY
X|14+=L|—) sin“ig |cosig=—=J, |—| —
4 T'o 2 ri \re
2
1= 2R PEELNY ] (B6)
X - = — - — i i
D) 2 o 12SlIl Q COS1g
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